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Abstract
A 0α-subset U of the product X × Y is a 0α-universal set of X parametrised by Y if every
0α-set of X is of the form Uy = {x: (x, y) ∈ U}, for some y ∈ Y . Let n ∈ ω and α ∈ ω1. If X is
a compact space with a 0n-universal set parametrised by Y , then for all m ∈ ω, w(X)  nw(Y ),
hd(Xm)  hd(Ym), hL(Xm)  hL(Ym) and hc(Xm)  hc(Ym). If X is a compact perfect space
with a 0α-universal parametrised by Y , then w(X)  nw(Y ). The statements “every compact
monotonically normal space with a 0α-universal set parametrised by a second countable space is
metrisable” and “every compact, first countable space with a 0α-universal set parametrised by a
second countable space is metrisable” are undecidable in ZFC. Relevant examples are presented.
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Let Γ be a class function assigning to each topological space a family Γ (X) of subsets
of X. A set U contained in X × Y is a Γ -universal set for X parametrised by Y if
U ∈ Γ (X × Y ) and Γ (X) = {Uy : y ∈ Y }, where Uy = {x ∈ X: (x, y) ∈ U}. Universal
sets have played an important role in the study of the Borel hierarchies and analytic sets [8,
Sections 14 and 22]. See also [9,10,13]. Their work was mainly restricted to Polish spaces
and parametrising countable closed sets, countable Gδ-sets or compact sets. In the present
paper, we investigate Borel universal sets of general regular Hausdorff spaces, relating
properties of the space X to that of the parametrising space Y . We pay particular attention
to the case when X is compact. Section 1 provides definitions, notations and basic results.
The Borel sets of a space form a natural hierarchy of additive 0α- and multiplicative
0α-classes (0 = α ∈ ω1). A space has a 0α-universal set parametrised by a space Y if and
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only if it has a 0α-universal set parametrised by Y (Lemma 1). Thus we formulate results
solely in terms of 0α-universal sets. If a space has a 0α-universal set parametrised by a
space Y , then it has 0β -universal sets parametrised by Yω for all β  α (Proposition 4).
Consequently, we have a hierarchy of results. We will see, however, that this collapses into
three groups: open (01-) universal sets, 0n-universal sets for 1 < n < ω (in other words,
Fσ -, Gδσ - etc sets), and 0α-universal sets for α  ω.
We present our results according to the grouping mentioned above. This corresponds to
paper [5], and Sections 2 and 3 of this present paper. Each section is further divided in two,
with the first part dealing with general spaces, and the second the special case of compact
spaces.
1. Definitions and useful results
All spaces are regular Hausdorff topological spaces unless stated otherwise. Our
topological notation follows that of [3]. Definitions of the cardinal invariants used here
can be found in [6] or [5]. For the notation of the Borel classes, we refer the reader to [8].
Borel universal sets. A 0α-set U of the space X × Y is a 0α-universal set of X
parametrised by Y if for each A ∈ 0α(X) there is a y ∈ Y such that A = Uy , where
Uy = {x ∈X: (x, y) ∈U}.
Subsets of R. An uncountable subset of the real line is a λ-set if every countable subset
is a (relative) Gδ . Identifying ωω with the irrationals, any subset of ωω of order type ω1
under <∗ is a λ-set. (Hence λ-sets exist.) An uncountable subset of the reals is a Qα -set
if every subset is a (relative) 0α-set. The existence of Qα -sets is undetermined by the
standard axioms of set theory. For all uncountable cardinal κ , the existence of Qα-sets
of size κ is undecidable in ZFC. (Existence is implied by MA+2ω > κ , and non-existence
by CH.) See [12,11] for more on subsets of the reals.
Cardinal invariants. Let X be a space. The weight, w(X), of X is the minimal size of a
base for X. The hereditary density hd(X) (respectively hereditary Lindelöf degree hL(X),
respectively hereditary cellularity hc(X)) of X, is the supremum of all cardinals κ , such
that there are different xα ∈X and open neighbourhoodsVα of xα (α ∈ κ) with the property
that xβ ∈ Vα implies β  α (respectively β  α, respectively β = α). A space X is:
hereditarily separable if hd(X) ℵ0, hereditarily Lindelöf if hL(X) ℵ0, or hereditarily
c.c.c. if hc(X) ℵ0.
S- and L-spaces. A regular Hausdorff space is said to be an S-space if it is hereditarily
separable and not hereditarily Lindelöf. It is an L-space if it is hereditarily Lindelöf and
not hereditarily separable. An introduction to S- and L-spaces can be found in [14]. There
are many (consistent) examples of S- and L-spaces. We will make use of a (CH) example
of van Douwen et al. in [1]. But we will also need more recent constructions of Todorcˇevic´.
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Todorcˇevic´’s examples. Let X be any subset of the real line, and let τ be a topology on
X finer than the Euclidean topology. We will call (X, τ) a Kunen line type space, if every
τ -closure of a subset of X differs from the Euclidean closure of X only by countably many
elements. It is easy to see that any Kunen line type space is hereditarily separable. The
Kunen line is of Kunen line type (!), as is the Sorgenfrey topology on any subset of the
reals.
Assume b= ω1, and fix a subset, A, of ωω of order type ω1 under <∗. To repeat, A is
a λ-subset of R. In Chapter 2 of his book [16], Todorcˇevic´ associates to a certain type of
map, H , of A into the countable subsets of A a space A[H ] with the following properties:
the topology on A[H ] is of Kunen line type, and A[H ] is a locally compact strong S-space.
Duplication. Let X be a compact subset of R, let τ be a topology on X, finer than the
Euclidean topology, with a base of compact open sets, and let C be a τ -closed subset of X.
Define D(X,τ,C) to be the subspace D(X,τ,X) \ (X \C)×{0}, of the space D(X,τ,X)
which has underlying set X× {0,1}, and topology with base consisting of sets of the form
T × {0} for T in τ , and U × {0,1} \K ×{0} for Euclidean open U and K a compact-open
subspace of (X, τ). Note that D(I,D, I ), where D is the discrete topology, is the usual
Alexandroff duplicate.
ClearlyD(X,τ,C) is a closed subspace ofD(X,τ,X). It is straightforward to check that
D(X,τ,X) is a compact (Hausdorff) space which is: first countable, separable, hereditarily
separable or metrisable, if and only if (X, τ) has the corresponding property.
Preservation of universal sets. From now on, Γ will denote a Borel class. Write ∼Γ (X)
for {X \ S: S ∈ Γ (X)}. Most of the results of this section are modifications of those
concerning the open universal sets found in [5, Section 1.3].
Lemma 1. If U is a Γ -universal set for X parametrised by Y , then (X× Y )\U is a ∼Γ -
universal set for X parametrised by Y .
Lemma 2. If X′ is a subspace of X, then U ∩ (X′ × Y ) is a Γ -universal set for X′
parametrised by Y .
Lemma 3.
(1) If Y ′ ⊇ Y , and if X has a Γ -universal set U parametrised by Y , then X has one
parametrised by Y ′.
(2) Let f :Y ′  Y be a continuous surjection. If X has a Γ -universal set U
parametrised by Y , then X has a Γ -universal set parametrised by Y ′.
Borel universal sets exist. By [8, Theorem 22.3], if X has countable weight, and Y = 2ω,
then X has Γ -universal sets parametrised by Y for any Γ . The following result is in a
similar spirit.
Proposition 4. SupposeX has an open universal set, U , parametrised by Y . Then for each
α ∈ ω1\{0}, X has a 0α-universal set, Uα , parametrised by Yω .
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Corollary 5. SupposeU is an open set inX×Y such that each open set ofX is a countable
union of the Uy ’s. Then there is an open universal set for X parametrised by Yω .
Such a U is called a σ -generator for the open sets of X parametrised by Y . If the unions
do not have to be countable, then we say that U is a generator for the open sets of X.
Lemma 6. Let (X, τ) be a space with weight w(X). Then, for each α ∈ ω1\{0},
(1) X has a 0α-universal set parametrised by D(|τ |)ω, and
(2) X has a 0α-universal set parametrised by 2w(X).
Proof. The open case has been done in [5, Lemma 2]. Having produced the open universal
sets, we can use Proposition 4 to produce the 0α-universal sets. ✷
2. Universal sets of finite Borel classes
Let X be a space. We now consider when such a space has a 0n-universal set
parametrised by a second countable Y , for 1< n< ω.
2.1. General spaces
It is clear that sets of finite Borel classes are generated by countable families of open
sets. The following is a corollary of this fact.
Theorem 7. For a topological space X and n ∈ ω\{0}, X has a 0n-universal set
parametrised by a space Y of weight κ if and only if it has a coarser T1-topology of weight
no greater than κ with the same 0n-sets. In particular, if w(Y )=ℵ0, then ψ(X)=ℵ0.
There follow some examples of spaces with 02-universal sets, which show that the
results about general spaces with open universal sets cannot be extended further up the
Borel hierarchy. In particular, using the existence of λ-sets, there are examples of non-
metrisable spaces with 02-universal sets parametrised by the Cantor set 2
ω
.
Example 8. If X is a λ-set of the Sorgenfrey line, then X has a 02-universal set
parametrised by 2ω.
Proof. By Theorem 7, it suffices to show that X with the Euclidean and Sorgenfrey
topologies have the same 02 -sets. But as the Sorgenfrey line is of Kunen line type, every
Sorgenfrey-closed set is a Euclidean-closed set minus a countable set. Since X is a λ-set,
the countable set is a Euclidean-Gδ; and thus every Sorgenfrey closed set is a EuclideanFσ .
Hence 02(X,Euclidean)=02(X,Sorgenfrey), as required. ✷
Example 9 (b = ω1). If X is A[H ], then X is a locally compact strong S-space having
a 02-universal set parametrised by 2
ω
.
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Proof. This follows as in the preceding example, noting that A is a λ-set, and A[H ] is of
Kunen line type. ✷
Example 10 is a consistent example of a non-compact first countable L-space having
a 02-universal set parametrised by 2ω. Let X be a space, and write K(X) for the family
of non-empty closed subsets of X. Denote the Pixley–Roy topology on K(X) by τ and
the Vietoris topology by υ. Note that υ ⊆ τ . The Vietoris topology on K(R) is second
countable.
Example 10. (CH) Let K = K(R). Then there is a subset L of K such that (L, τL) is a
non-separable, hereditarily Lindelöf, Lusin subspace. The space (L, τL) has a02-universal
set parametrised by 2ω.
Proof. The first assertions are proved in [1]. To prove the second statement, we only need
to notice that υL is a coarser T1 second countable topology for L with precisely the same
02-subsets. Suppose V is a τL-open set. Then, since L is hereditarily Lindelöf, V is a
countable union of the basic τL-neighbourhoods, [Kn,Un ], where for all n ∈ ω, Kn ∈ V
and Un are open in R. These sets are also closed in the Vietoris topology υL, and therefore
V is a υL-02-set.
Now, suppose C is a τL-closed set. Then C is also a υL-02 -set since both its τL-interior
and its τL-boundary (which is countable as L is a Lusin space) are υL-02 -subsets. ✷
2.2. Compact spaces
When X is compact and has a 0n-universal set parametrised by Y (for finite n), then we
have similar results as when X has an open universal set parametrised by Y (see [5]).
Theorem 11. Let X be a compact space with a 02n+1-universal (respectively 02n-
universal) set U parametrised by Y , for some n, 1< n< ω.
For each pair (x,V ), where x is an element of the open set V , there is a triple
(y(x,V ),F(x,V ),W(x,V )) where y(x,V ) is an element of the open set W(x,V ) in Y
and F(x,V ) ∈ [ω2n]<ω (respectively F(x,V ) ∈ [ω2n−1]<ω) such that:
if y(x ′,V ′) ∈W(x,V ) and F(x,V )=F(x ′,V ′), then x ′ ∈ V.
Let κ be a regular cardinal. Suppose {xα}α∈κ ⊆X and Vα is open in X containing xα , for
each α ∈ κ . Set yα = y(xα,Vα) and Wα =W(xα,Vα). Then there is a subset Λ⊆ κ of size
κ such that whenever α,β ∈Λ, yβ ∈Wα implies xβ ∈ Vα .













122 P.M. Gartside, J.T.H. Lo / Topology and its Applications 119 (2002) 117–129
where the sets Uf are closed for all f ∈ ω2n. Suppose x is an element of the open set V .
Then there is a y(x,V ) ∈ Y with



























Inductively, define n ω-valued functions m2k−1 :ωk → ω with the property that for all
(m0,m2, . . . ,m2n−2) ∈ ωn,
x ∈Uy(x,V )(m0,m1(m0),...,m2k,m2k+1(m0,m2,...,m2k),...,m2n−2,m2n−1(m0,m2,...,m2n−2)).
Then {x} =⋂(m0,m2,...,m2n−2)∈ωn U
y(x,V )
(m0,m1(m0),...,m2n−2,m2n−1(m0,m2,...,m2n−2)). As X is com-
pact, and V is open, there is a F(x,V ) ∈ [ω2n]<ω such that V is a superset of⋂{Uy(x,V )f : f ∈F(x,V )}.
Since the Uf ’s are closed and that X is compact, we can find an open W(x,V ) in Y ,
containing y(x,V ) such that for all f ∈F(x,V ),
(X\V )×W(x,V )∩Uf = ∅.





f : f ∈F(x ′,V ′)
}⊆ V.
The case when X has a 02n-universal set is similar, only without one of the intersection
operations.
The second part of the theorem, follows immediately from the first part if we observe
[ω2n]<m is countable, and apply the pigeonhole principle. ✷
Corollary 12. Let X be a compact space with a 0n-universal set parametrised by Y , for
n ∈ ω\{0}. Then hd(X) hd(Y ), hL(X) hL(Y ) and hc(X) hc(Y ).
The proof of Theorem 11 yields a stronger result, as we now explain. Let U be a 02n+1-
or 02n-universal (1 < n < ω) for a space X, parametrised by Y . Fix m ∈ ω, let ρ be the
obvious homeomorphism between (X × Y )m and Xm × Ym, and set Um = ρ(Um). The
argument of Theorem 11 shows that, provided Xm is compact, given a regular cardinal κ ,
{xα}α∈κ ⊆Xm and open Vα containing xα , there is a subset Λ of κ of size κ , {yα}α∈κ ⊆
Ym and open Wα containing yα , such that, for α and β in Λ, yβ ∈Wα implies xβ ∈ Vα .
In other words, we can transfer left-separated, right-separated and discrete subspaces from
Xm to Ym.
Corollary 13. Let X be a compact space, with a 0n-universal set U parametrised by Y ,
for some n ∈ ω\{0}. Then hd(Xm) hd(Ym), hL(Xm) hL(Ym) and hc(Xm) hc(Ym).
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As a corollary of Theorem 7, we have the following result. We will see later that there is a
consistent counter-example for the 0ω-case. The cardinal invariant psw(X) is the smallest
infinite cardinal κ such that X has a T1-point separating family C with ord(p,C) κ for
each p ∈X. For a compact space X, psw(X)=w(X). (See [6].)
Corollary 14. Let X be a compact space with a 0n-universal parametrised by Y . Then
w(X) nw(Y ).
Proof. By Theorem 7, X has a T1-point separating family C of size no greater than nw(Y ).
This tells us that psw(X) nw(Y ), and therefore the required inequality. ✷
Corollary 15. Let X be a countably compact space with a 0n-universal set parametrised
by a second countable space Y . Then X is second countable.
Proof. A countably compact space with a countable T1-point separating family has
countable weight. ✷
The following is an example of a compact strong S-space with a 02-universal set
parametrised by a hereditarily separable space.
Example 16. (b = ℵ1) Let X be A[H ]. Then the one-point compactification αX is a
compact strong S-space with a 02-universal set parametrised by a strong S-space Y .
Proof. As noted in Section 1, X is a strong S-space and has a Kunen line type topology.
Hence, as in the examples above, X has a 02-universal set U parametrised by 2ω.
Let αX =X∪ {∞}. Now, the 02-sets B =
⋂
n∈ω Bn containing ∞ are precisely the co-
countable sets in X with the point ∞. Clearly such sets are 02-subsets in αX containing
∞. For the converse, we only have to notice that each open set U containing ∞ must be
co-countable since X is locally countable, and that the complement of U must be compact.
Note that the diagonal of αX is closed, and it self-parametrises all the singletons. Just as in
Corollary 5, we can find an 02 -set T in αX × (αX)ω parametrising all the countable sets
of αX. Observe that V =∼ T is a 02-set parametrising all the 02-sets containing ∞ (and
perhaps some other sets, too) by (αX)ω .
Now, each 02-set of αX is either a 
0
2-set in X or a 
0
2-set in αX containing ∞.
That is to say, we can parametrise all the 02-sets by U ∪ V , a 02-set in αX × Y , where
Y = 2ω ⊕ (αX)ω .
The space αX is hereditarily separable, and so are all its finite powers. Therefore (αX)ω
is hereditarily separable, and Y is a strong S-space. ✷
Closing this section, we pose the following open problems.
Problem 17. Is there a compact L-space with a 02-universal set parametrised by a
hereditarily Lindelöf space?
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Problem 18. Are there ZFC examples of spaces X with 0n-universal sets (n ∈ ω)
parametrised by Y such that hd(X) > hL(Y ) or hL(X) > hd(Y )?
3. Universal sets of high Borel classes
In this section we consider spaces with 0α-universal sets for α  ω.
3.1. General spaces
For f,g ∈ ω<ω , the tuple f ^g ∈ ω<ω is obtained by placing the tuple g after the tuple f .
Theorem 19. A space (X, τ) has a 0α-universal set parametrised by a space Y of
weight κ , if and only if there is a topology υ on X, coarser than τ , so that (X,υ) is T0, of
weight no greater than κ , and 0α(X, τ)=0α(X,υ).
Proof. We note that for a space X, a subset A is a 0α-set if and only if there is a pairwise
incomparable (with respect to ⊆) subset F of ω<ω such that:
(1) Af ∈01 ∪01 for all f ∈F ;






Af ^(nk+1), if f /∈F and |f | = k + 1 is odd,
⋂
nk+1∈ω
Af ^(nk+1), if f /∈F and |f | = k + 1 is even;
(3) if G is the set of all those f ∈ ωω that have appeared in the induction in (2), then for
all g ∈ G, there exists r ∈ ω and m0, . . . ,mr ∈ ω such that g^(m0, . . . ,mr) ∈F and
for all i = 0, . . . , r , g^(m0, . . . ,mi) ∈ G;
(4) for all n0 ∈ ω, A(n0) ∈0β(X) where β+ = α if α is a successor, and β < α if α is a
limit.
Now let F be the corresponding subset of ωω for the 0α-subset U of X × Y , and
B be a base of Y of size κ . Let F = F1 ∪ F2 where F1 = {f ∈ F : Uf ∈ 01} and
F2 = {f ∈F : Uf ∈01}.






V ×B: V ×B ⊆Uf and V is open in X
})
, if f ∈F1,
πX
(⋃{




Let C be the collection (of size no greater than κ) of all finite intersections of all these
Vf (B)’s. Let x1 and x2 be two distinct points. Let Uy be open in X such that x1 ∈ Uy and
x2 /∈ Uy . Then using the properties of F , it is easy to see that there must be f ∈ F such
that x1 ∈Uyf and x2 /∈ Uyf . Since Uyf is either open or closed, we can choose an element of
C that contains one and not the other.
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Let C generate the new topology υ on X. The cross-sections Uy are all the τ -0α-sets
can be obtained by taking exactly the same operations of intersections and unions of the
U
y
f ’s. This implies that they are also υ-
0
α-sets. ✷
In contrast, to Theorem 7, the topology υ is not necessarily T1, and, as we will see in
the next section on compact spaces, this has a significant impact. We can recover the T1
property if we additionally assume X is perfect.
Theorem 20. Suppose (X, τ) is a perfect space. If (X, τ) has a 0α-universal set
parametrised by a space Y of weight κ , then there is a collection C of open sets of (X, τ),
with |C| = κ . The topology υ generated by C has weight no more than κ , is coarser than τ
and is T1 with the same 0α-sets.
Proof. Note that, as X is perfect and Y has weight κ , closed subsets of X × Y are the
intersection of no more than κ many open sets. Then we can assume that for each f ∈ F ,
where F is as in the proof of Theorem 19, Uf is either open or the intersection of  κ
open sets. The result then follows in the usual way. ✷
The lack of T1 separation has no effect on the following characterisation of when a space
with a 0α-universal set parametrised by a second countable space has the hereditary c.c.c.
Theorem 21. The following are equivalent for α ∈ ω1\{0}:
(1) Every space X with a 0α-universal set parametrised by a second countable space
Y satisfies the c.c.c. hereditarily.
(2) There are no Qα -sets.
Proof. ¬(2)⇒¬(1): SupposeX is aQα -set with size ℵ1. The spaceX being a subspace
of the real lineR, has a0α-universal set parametrised by 2ω. This set is also a0α-universal
set forX with the discrete topology parametrised by 2ω, since every subset ofX is a 0α-set
in X.
¬(1) ⇒ ¬(2): Let (X, τ) be the discrete space with size ℵ1. Let U be a 0α-universal
set for (X, τ) parametrised by a second countable space Y . By Proposition 19, there is a
coarser T0 second countable topology υ for X, such that every τ -0α-set is a υ-0α-set.
Take a countable base B, closed under finite unions and finite intersections, for this coarser
topology. Let
B∗ = B ∪ {X\B: B ∈ B}.
This is a base for a zero-dimensional, separable and metrisable topology υ∗ on X, finer
than υ. As the Cantor cube 2ω is an embedding universal for all zero-dimensional second
countable spaces, we can consider (X,υ∗) as a subspace of the real line.
Now, every subset of X is a τ -0α-set, and therefore also a υ∗-0α-set. That is to say,
(X,υ∗) is (homeomorphic to) a Qα-set. ✷
One can modify the proof above to yield the following result. The restriction on the
cardinal κ ensures the existence of a discrete subset of size κ in the space.
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Corollary 22. The following are equivalent for α ∈ ω1\{0}. Let κ be an uncountable
regular cardinal or a strong limit cardinal.
(1) If the space X has a 0α-universal set parametrised by a second countable space Y ,
then hc(X) < κ .
(2) There are no Qα -sets of size κ .
3.2. Compact spaces
We start this section with two consistent examples showing the effect of the lack of
T1 separation in Theorem 20. Compare the first example, a compact space with 0ω-
universal parametrised by a separable metric space, which is not even hereditarily c.c.c.,
with Corollaries 12–15.
Example 23. Let α be a countably infinite ordinal. Assuming the existence of Qα-sets,
there is a compact, monotonically normal, first countable, non-metrisable space X with a
0α-universal set parametrised by 2ω.
Proof. Let Q ⊆ [0,1] be a Qα-set. Let D be the discrete topology on I . Define the
topological space (X, τ) to be D(I,D,Q).
This space is compact and non-metrisable. By Theorem 19, to complete the proof, we
need to find a coarser second countable T0-topology υ on X such that the 0α-sets for the
two topologies coincide. Define υ to be the topology on X generated by sets of the form
V × {0,1} and (V ∩Q)× {0} where V is an Euclidean-open set in [0,1]. This topology is
clearly second countable, T0 and coarser than τ .
Note that the subspaces I × {1} and Q × {0} with the υ-topology have the Euclidean
topology. Let A be a τ -0α-set, and set A1 =A∩ (I × {1}), A0 =A∩ (Q× {0}). Then A1
and A0 are Euclidean-0α-sets of I × {1} and Q× {0}, respectively.
By perfectness of the Euclidean topology, every open subset of I × {1} is an Euclidean-
Fσ and every closed subset of Q× {0} is an Euclidean-Gδ. Since the set I × {1} is closed
in (X,υ) and the set Q× {0} is open in (X,υ), we deduce that both A1 and A0 must be
υ-0α-sets of X. Therefore A is also an υ-0α-set of X. ✷
Let τ be the Kunen line topology on I . A similar argument to that above (noting
that all open subsets of (I, τ ) are Euclidean-03’s), to the compact non-metrisable space
D(I, τ, I), will establish the following example.
Example 24. (CH) There is a first countable, compact, non-metrisable space X with a
0ω-universal set parametrised by the Cantor set.
The examples above are consistency results, and it is natural to see if there is a
corresponding consistent theorem. The authors are not able to answer this in full, but we do
have positive results for three special cases. To finish this paper we present those results,
and discuss how close we are to a full solution.
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As we have seen before, insisting the space X is perfect (which for a compact space
is equivalent to being hereditarily Lindelöf) returns us to the situation for 0n-universals.
Indeed, as a corollary to Theorem 20, we have the following result.
Corollary 25. Let X be a compact space with a 0α-universal set parametrised by Y .
(1) If X is perfect, then w(X) nw(Y ).
(2) If X × Y is perfect, then for all m ∈ ω, hd(Xm)  hd(Ym), hL(Xm)  hL(Ym),
hc(Xm) hc(Ym).
Proof. Ad (1): Suppose nw(Y )  κ . Let F , F1, F2, C and U be as in the proof of
Theorem 19. Let N be a network for Y of size κ . As X is perfect, we know that for
each N ∈ N and f ∈ F1, X\Vf (N) is the countable intersection of open sets of X, say
G(f,N,n). Then we claim that
{
Vf (N): f ∈F1, N ∈N
}∪ {G(f,N,n): f ∈F1, N ∈N , n ∈ ω
}
is a T1-point separating cover for X. Then psw(X) κ .
Let x1 and x2 be distinct points of X. Then either (a) there is a Vf (N) containing x1
and not x2, or (b) there is a Vf (N) containing x2 and not x1, by Theorem 19. For case (b),
since x1 /∈ Vf (N), we can find an n ∈ ω such that G(f,N,n) does not contain x2 and
contains x1.
We note further that in a compact space, psw=w, from which (2) follows.
Ad (2): This follows the proof of Theorem 11 after replacing open sets in the re-
presentation of the 0α-universal (a subset of X × Y ) with Fσ ’s (using perfectness of
X× Y ). ✷
Examples 23 and 24 are both first countable, and the first example is monotonically
normal. Such examples can not be found in ZFC alone. The arguments in both cases
work by first assuming there are no Qα sets (as occurs if 2ℵ0 < 2ℵ1 ), concluding from
Corollary 22 that the space under consideration has the hereditary c.c.c., and thus (using
the additional properties of the space) deducing that the space is hereditarily Lindelöf, and
so perfect, at which point Theorem 25 applies.
Theorem 26. The following are equivalent for ω α < ω1:
(1) There are no Qα -sets.
(2) Every compact monotonically normal space with a 0α-universal set parametrised
by a second countable space is second countable.
Proof. ¬(1)⇒¬(2): This is Example 23.
(1)⇒(2): By Theorem 21, every space X with a 0α-universal set parametrised by a
second countable space Y satisfies the c.c.c. hereditarily. Note that X being monotonically
normal then implies that X is hereditarily Lindelöf (see, for example, [4, Theorem A]).
Then X is perfect, and we can now use Corollary 25 and deduce that w(X)=ℵ0. ✷
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Recently it has been shown [2] that it is consistent with 2ℵ0 < 2ℵ1 that first countable,
compact, hereditarily c.c.c. spaces are hereditarily Lindelöf. From which we deduce as
above:
Theorem 27. Let α ∈ ω1\{0}. It is consistent that every first countable, compact space
with a 0α-universal set parametrised by a second countable space is second countable.
The result of Eisworth, Nyikos and Shelah mentioned above seems to come very close to
a full answer to our problem: Is it consistent that every compact space with a 0ω-universal
set parametrised by a second countable space is second countable? This is because such a
compact,X say, is the union of two subspaces, one consisting of points of first countability
in X, the other being hereditarily Lindelöf.
Theorem 28. Let X be a compact space with a 0ω-universal set U parametrised by a
space Y . Then there are disjoint subspaces A and B of X such that:
(a) χ(x,X) ℵ0, for all x ∈A,
(b) for all m ∈ ω, hd(Bm) hd(Ym), hL(Bm) hL(Ym), hc(Bm) hc(Ym).
Proof. Note that the singletons are closed, and are therefore 0ω-sets of X. Let x ∈ X.
Then, for each x ∈X, there is a y ∈ Y such that either {x} is the countable intersection of
open Uyf ’s or it is the countable intersection of closed U
y
f ’s. Let A be the set of all those
x which are countable intersections of open Uyf ’s and B the complement of A. As X is
compact, (a) is immediate.
Next we note that the proof of Theorem 11 only required thatX was compact and that the
singletons were countable intersections of closed Uyf ’s. A similar method to that employed
in proving Theorem 11 and its Corollary 13 can then be used to establish (b). ✷
This section is closed with the following two open problems.
Problem 29.
(1) Is it consistent with 2ℵ0 < 2ℵ1 that every compact space X which is the union of two
subspaces, A and B say, where points of A have countable character in X, and B
is hereditarily separable and hereditarily Lindelöf, must be hereditarily Lindelöf ?
(2) Is there, in ZFC, a compact space X with a 0ω-universal set parametrised by Y
such that w(X) > nw(Y ), hd(X) > hd(Y ), hL(X) > hd(Y ) or hc(X) > hc(Y )?
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